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Superfluidity in coupled electron-hole sheets of bilayer graphene is predicted here to be multi-
component because of the conduction and valence bands. We investigate the superfluid crossover
properties as functions of the tunable carrier densities and the tunable energy band gap Eg. For
small band gaps there is a significant boost in the two superfluid gaps, but the interaction driven
excitations from the valence to the conduction band can weaken the superfluidity, even blocking
the system from entering the BEC regime at low densities. At a given larger density, a band gap
Eg ∼ 40-60 meV can carry the system into the strong-pairing multiband BCS-BEC crossover regime,
the optimal range for realization of high-Tc superfluidity.
PACS numbers: 71.35.-y , 73.21.-b, 73.22.Gk 74.78.Fk
The recent fabrication of two very close, but elec-
trically isolated, conducting bilayer graphene sheets,
one containing electrons and the other holes [1–3],
raises exciting possibilities of observing high-temperature
superfluidity[4], since the electrons form pairs with the
holes through very strong Coulomb attraction [5, 6].
In bilayer graphene, the Fermi energy can be tuned
continuously relative to the average strength of the
Coulomb interactions between carriers [7]. Metal gates
can be used to change the carrier densities[8] so as to
tune each sheet from the high-density regime of weak in-
teractions, to the low-density regime where the average
Coulomb interactions between carriers are much larger
than their kinetic energies. However, the touching of the
conduction and valence bands at the semi-metallic point
means that at low densities, carriers from the two bands
can strongly affect each other, and this weakens the su-
perfluid pairing. A tunable energy band gap inserted
between the conduction and valence bands by applica-
tion of electric fields perpendicular to the sheets [9], can
be used to decouple the conduction and valence bands.
By contrast, in multicomponent high-Tc iron-based su-
perconductors, the carrier densities are difficult to tune
and their energy band structure is fixed [10, 11].
We investigate the effect of the multibands at zero tem-
perature on the superfluid BCS-BEC crossover and BEC
regimes as functions of the tunable carrier densities and
energy band gap Eg, and we identify an optimal combi-
nation of the experimental parameters for superfluidity.
We find that the crossover properties depend sensitively
on both the carrier densities and the band gap.
Our effective Hamiltonian is,
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The band index γ = ± labels the conduction and valence
bands of each bilayer sheet. cγ†k and d
γ†
k are the creation
operators in band γ for the electrons and holes in their
respective bilayer sheets, and cγk and d
γ
k the correspond-
ing destruction operators. Spin indices are implicit. We
make the standard transformation so the bands of the p-
doped bilayer are filled with positively charged holes up
to the Fermi level located in the conduction band. Vk k′ is
the electron-hole interaction. ξ
(e,h)γ
k = ε
γ
k − µ, where we
take the single-particle energy dispersions of the conduc-
tion and valence bands for each bilayer graphene sheet
εγk to be identical and parabolic: ε
+
k = ~2k2/2m∗ and
ε−k = −~2k2/2m∗ − Eg. We take the effective mass for
electrons and holes equal, m∗ = m?e = m
?
h = 0.04me [12].
We set the chemical potential µ equal in the two bilayer
sheets, considering only equal electron and hole densities.
We consider intraband pairing and Josephson-like pair
transfer between the conduction and valence bands. The
neglect of crosspairing will be justified later in the paper.
The coupled zero temperature gap equations are [13],
∆γk = −
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F γγ
′
kk′ =
1
2
[1 + γγ′(cosαk cosαk′ + sinαk sinαk′ cos 2φ)] (4)
is the form factor for the overlap of the single-particle
state |k〉 in band γ with |k′〉 in band γ′, φ = cos−1(k̂k′),
and αk = tan
−1 {~2k2/(m∗Eg)} [14]. We note the de-
pendence of F γγ
′
kk′ on Eg.
To determine the chemical potential µ, we take for the
density control parameter for each bilayer sheet [15, 16],
n+0 = gsgv
∑
k
[
(v+k )
2 − (u−k )2
]
. (5)
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2gs = gv = 2 are the spin and valley degeneracy for bilayer
graphene. µ is then obtained by solving Eqs. 2 to 5. n+0 is
defined as the total number of carriers in the conduction
band, n+ = gsgv
∑
k(v
+
k )
2, less the number of carriers
in the conduction band that have been excited from the
valence band. The number of such excited carriers in the
conduction band equals the number of unoccupied states
left behind in the valence band, gsgv
∑
k(u
−
k )
2.
The reason for this choice of control parameter (Eq.
5) is due to the influence of the valence band on the
conduction band. The presence of the valence band
means that the overall number of carriers in the conduc-
tion band, n+, is no longer controlled purely by doping
or using the metal gates, as is the case for the single
band system, since now there are additional carriers in
the conduction band excited from the valence band due
to interactions. This increase in the number of carri-
ers in the conduction band will push up the Fermi en-
ergy. We use n+ to define an effective Fermi momentum
k∗F =
√
4pin+/gsgv, and effective Fermi energy in the
conduction band E∗F = (~k∗F )2/2m∗.
For large n+0 , the average kinetic energy of the car-
riers in the conduction band 〈K〉 is large relative to
the average strength of the Coulomb interactions 〈V 〉,
and, since
∑
k(v
+
k )
2  ∑k(u−k )2, there are only a neg-
ligible number of carriers excited out of the valence
band. However, small n+0 does not necessarily imply that
〈K〉  〈V 〉, since for sufficiently small Eg, both
∑
k(v
+
k )
2
and
∑
k(u
−
k )
2 can be large but nearly equal. We will see
that both n+0 and Eg play important roles in determining
the relative strength of the Coulomb interactions.
We take the interaction term in Eq. 2 as unscreened,
Vk k′ = −2pie
2

e−d|k−k
′|
|k− k′| , (6)
where d is the thickness of the insulating barrier sep-
arating the two bilayer sheets. A hexagonal Boron Ni-
tride insulating barrier with dielectric constant  = 3 and
thickness d ≥ 1 nm can electrically isolate the two bilayer
sheets [17, 18]. We set d = 1 nm.
Neglecting screening is an excellent approximation in
the BEC regime where the strong interactions tightly
bind the pairs, making them compact on the scale of the
average inter-carrier separations r0 [19]. For example, at
a carrier density of 1 × 1011 cm−2, r0 = 18 nm which is
much larger than our d. In this case, the superfluid gap in
the excitation spectrum is large on the scale of E∗F , and
this suppresses the low energy excitations responsible for
screening [20]. The unscreened approximation continues
to be remarkably good even in the BCS-BEC crossover
regime at intermediate densities [4], predicting superfluid
gaps correctly to within ∼ 20% [19]. However, at larger
densities, n+0 & 5 × 1011 cm−2, the unscreened approxi-
mation is known to completely break down, since at such
densities, onset of very strong screening completely sup-
presses superfluidity in what would otherwise have been
the BCS regime [20]. For this reason we will restrict our
results to densities n+0 ≤ 5× 1011 cm−2.
We omit intralayer electron-electron and hole-hole in-
teractions. This approximation can be justified by com-
paring the gaps calculated including correlations between
like-species[21], with the gaps calculated neglecting these
correlations[22]. The intralayer correlations have at most
a 10-20% effect on the superfluid gap.
In general, the regimes of the crossover phenomena in
a one-band system are conveniently characterized by the
superfluid condensate fraction c [23]. c is defined as the
fraction of carriers bound in pairs relative to the total
number of carriers. The usual classification is: for c > 0.8
the condensate is in the BEC regime, for c < 0.2 in the
BCS regime, and otherwise in the crossover regime.
However, we have here two partial condensate frac-
tions, c±, for the conduction and valence bands. For the
conduction band the usual one-band expression is readily
generalized to the number of pairs divided by the total
number of carriers in the conduction band,
c+ =
∑
k(u
+
k )
2 (v+k )
2∑
k(v
+
k )
2
, (7)
but for the valence band the corresponding definition of
c− is the ratio of the number of pairs in the valence band
to the number of anti-particles in the valence band,
c− =
∑
k(u
−
k )
2 (v−k )
2∑
k(u
−
k )
2
. (8)
(We use the term anti-particle to refer to an empty single-
particle state in the valence band, since we reserve the
term hole to refer to the hole-doped bilayer sheet.) At
zero temperature, the valence band anti-particles are gen-
erated exclusively as a result of the effect of interactions
that excite carriers out of the valence band up into the
conduction band. The pairs in the valence band are
formed from pairing of anti-particles of the two sheets.
(Eg)
Figure 1. Relative number of condensate pairs in conduction
band (solid lines) and valence band (dashed lines) as functions
of n+0 for different values of the energy band gap Eg.
3Figure 2. The condensate fraction and the chemical potential
as functions of n+0 for different values of Eg, as labeled. In the
upper panels, the solid and dashed lines indicate the conden-
sate fraction in the conduction and valence band, respectively.
In the lower panels, the solid lines show the chemical potential
µ and the dashed lines the effective Fermi energy E∗F . The
light shaded area represents the energy band gap. Screening
is expected to suppress the superfluidity for n+0 > 5.0× 1011
cm−2. Inset shows the limiting value of µ as a function of Eg.
Figure 1 compares the contributions to pair formation
from the conduction and valence bands as a function of
n+0 . The ratios n
±
pair/(n
+
pair + n
−
pair) are shown for dif-
ferent energy band gaps, where nγpair =
∑
k(u
γ
k)
2(vγk )
2.
As expected, for large values of Eg, pair formation is
confined to the conduction band and is independent of
n+0 . However for smaller Eg, the ratios depend on n
+
0 .
We recall that large n+0 signifies a small valence band
contribution because it contains few anti-particles, while
at small n+0 both bands contribute equally to the pair
formation, whether the interactions are strong or weak.
Figure 2 shows the condensate fractions and the chem-
ical potential as functions of n+0 for different Eg. Figure
2(a) is for a large energy band gap, Eg = 90 meV, and
the behavior of the condensate fraction and chemical po-
tential is indeed close to results for a one-band system
[24]. Using the condensate fraction criterion, for large
n+0 ∼ 5× 1011 cm−2, the conduction band condensate is
already in the crossover regime. We recall that at values
n+0 > 5×1011 cm−2 screening is expected to suppress su-
perfluidity in what would otherwise be the BCS regime.
As n+0 decreases, the conduction band condensate even-
tually enters the BEC regime. The chemical potential is
less than E∗F and it becomes negative at the crossover
to the BEC boundary. For n+0 going to zero, the con-
duction band condensate enters the deep BEC limit and
µ ∼ −εB/2, where εB is the binding energy of an in-
dependent electron-hole pair. In notable contrast, Fig.
2(a) shows that the valence band condensate is trapped
in the BEC regime over the full range of n+0 shown. This
is because there are very few anti-particles in the valence
band when Eg is large.
Figure 2(b) is for a smaller gap than Fig. 2(a), Eg = 45
meV, and the conduction band condensate is slower to
enter the BEC regime as n+0 decreases. This is because
Conduction band 
Valence band 
Figure 3. The superfluid gap energy ∆γ=±k in the conduction
and valence bands, for different values of energy band gap Eg.
The results are for low density n+0 = 0.5× 1011 cm−2 (dotted
lines), intermediate density n+0 = 1.5 × 1011 cm−2 (dashed
lines), and high density n+0 = 5× 1011 cm−2 (solid lines).
excitations from the valence band now significantly in-
crease the total population of carriers in the conduction
band. The chemical potential µ therefore goes negative
only at very low n+0 . It is interesting that in the zero n
+
0
limit, µ now approaches the mid-point of the energy band
gap, µ → −Eg/2 instead of −εB/2, behavior analogous
to the low density limit in a conventional semiconductor.
Figure 2(c) is for Eg = 0. In this case there are many
carriers in the conduction band excited from the valence
band. This makes the effective Fermi energy E∗F signifi-
cantly larger than in Fig. 2(b) at the same n+0 . For this
reason, the conduction band condensate remains in the
crossover regime even for very small n+0 , and the chemi-
cal potential µ remains positive. An interesting point is
that for a gapless system a negative value of the chemi-
cal potential would signify only an inversion of the carrier
populations in the bands, so that even for negative values
of µ, the system would remain in the crossover regime.
Figure 3 shows the momentum dependent superfluid
energy gaps ∆±k . For large Eg, Fig. 3(a), the gap equa-
tions (Eq. 2) are nearly decoupled because the Eg term
in the form factor (Eq. 4) suppresses F γγ
′
k,k′ for γ 6= γ′.
Then ∆+k  ∆−k , because of the large energy denomina-
tor for ∆−k in Eq. 2. Consistent with the conclusion in
Fig. 2(a), the very broad peaks in ∆−k for all n
+
0 , indicate
that the valence band condensate for large Eg always re-
mains in the BEC regime. The reason is that the number
of paired anti-particles in the valence band,
∑
k(u
−
k )
2,
remains small for all n+0 . For the same reason, the con-
duction band contains very few carriers excited from the
valence band, so the evolution of the conduction band
condensate with n+0 , is very similar to the one-band sys-
tem: i.e. (i) for small n+0 , ∆
+
k  EF , its peak is at k = 0
and it is very broad, characteristics of the BEC regime;
(ii) for large n+0 , the peak in ∆
+
k becomes of order E
∗
F , it
narrows and detaches from k = 0, though never reaching
k = k∗F , characteristics of the crossover regime.
For smaller Eg, Fig. 3(b) and 3(c), the ∆
±
k are compa-
4Figure 4. The maximum superfluid gap energy ∆± in the
conduction and valence bands as functions of the energy band
gap Eg. Dotted lines: n
+
0 = 0.5 × 1011 cm−2; dashed lines:
n+0 = 1.5× 1011 cm−2; solid lines: n+0 = 5× 1011 cm−2.
rable and are not very sensitive to n+0 . This is because
the F γγ
′
kk′ for γ 6= γ′ are no longer small, and so strongly
couple the two gap equations. The insensitivity of the
superfluid gaps to n+0 is a consequence of the large num-
ber of carriers in the conduction band excited from the
valence band for all n+0 . This means that the total num-
ber of carriers in the conduction band remains large for
all n+0 . Thus the conduction band condensate remains
trapped in the crossover regime and is unable to reach
the BEC regime even when n+0 becomes very small.
Thus, since F γγ
′
kk′ controls the coupling of the two gap
equations, the dependence of F γγ
′
kk′ on Eg for γ 6= γ′
means that by tuning Eg we are able, for the first time, to
tune the magnitude of the Josephson-like pair transfer.
Our neglect of crosspairing is justified both for large
and small gaps Eg. For large Eg it is clear because of the
large energy differences in the corresponding denomina-
tors. For small Eg, the large number of carriers in the
conduction band excited from the valence band means
a large effective Fermi energy, so the crosspairing terms
again contain large energy difference denominators, re-
flecting the large energy separation of the carriers in the
valence band from the effective Fermi energy. In addi-
tion, the matrix elements for the crosspairing terms are
expected to be small (see Ref. [25]), and this would fur-
ther reduce the crosspairing contribution.
Figure 4 further characterizes the multicomponent na-
ture of the superfluidity. As expected, for zero band gap
the maximum superfluid gap energy for the conduction
band ∆+ is equal to ∆−, the maximum gap for the va-
lence band. We see in the figure that smaller band gaps,
Eg . 40-60 meV, significantly boost both ∆+ for the
conduction band and ∆− for the valence band, thanks
to the multicomponent property that the contributions
from the condensates are additive. For too large a band
gap, the superfluidity will not be able to take advantage
of a proximate valence band, and for Eg & 90 meV the
valence band condensate is essentially completely decou-
pled from the conduction band condensate. This results
in ∆+  ∆−, so there is then only one significant super-
fluid gap and one significant condensate. Thus, contin-
uously tuning Eg up to higher values will induce, in the
same system, a switching-over of the number of super-
fluid components from two to one. However, for optimal
conditions for superfluidity, the band gap Eg must also
not be too small, otherwise excitations from the valence
band will maintain too high a density of carriers in the
conduction band. We recall, as we have discussed, that
a high density of carriers inhibits the superfluidity.
Thus we conclude that a compromise is necessary be-
tween selecting too large an Eg, which tends to weaken
the superfluidity since it excludes the additive contribu-
tions from the valence band, and too small an Eg, which
tends to keep the conduction band in the high density
regime that is not favorable for superfluidity. An op-
timal choice would be in the range Eg ∼ 40-60 meV.
By using the tunable band gap Eg, we can move the
boundaries of the BCS-BEC crossover while keeping the
density fixed. When
∑
k(v
+
k )
2 ∼ ∑k(u−k )2 the multi-
component character is evident. There are two distinct
regions: (i) For Eg  E∗F , the small n+0 region remains
in the crossover regime even when n+0 is very small.
The conduction band condensate cannot enter the BEC
regime because excitations from the valence band, equal
to gsgv
∑
k(u
−
k )
2, maintain a large number of carriers in
the conduction band. (ii) When Eg & E∗F , the conduc-
tion band condensate can enter the BEC regime for small
n+0 because a large Eg suppresses excitations from the
valence band. These multicomponent properties are re-
flected in the asymptotic behavior of the chemical poten-
tial in the small n+0 limit. For large Eg ≥ εB , the limit-
ing behavior of µ is the familiar BEC limit µ→ −εB/2,
the same as for a single-component system. However
for Eg < εB , it is interesting that the limiting behavior
switches smoothly over to the midpoint of the band gap,
µ → −Eg/2. This reflects the multicomponent property
that for smaller band gaps, Eg < εB , the superfluid is
blocked from entering the BEC regime in the low density
limit.
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